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Macroscopic yielding of oriented polymers

ROBERT M. CADDELL, ALAN R. WOODLIFF
Department of Mechanical Engineering, The University of Michigan, Ann Arbor,

Michigan, USA

Uniaxial and biaxial stress states were employed to compare the measured macroscopic
yield behaviour of oriented polycarbonate, polyethylene, and polypropylene with a
proposed anisotropic and pressure-dependent yield criterion. A good correlation between
theory and experiment was found for each material.

1. Introduction

Since the purpose of this paper is to discuss certain
aspects about the macroscopic yield behaviour of
oriented or anisotropic polymers, no reference will
be made to the many studies involving unoriented
polymers.

In comparison with the amount of research in
which unoriented polymers have been used, there
are relatively few investigations that have reported
findings on the macroscopic yielding of oriented
polymers. Most of these [1—4] have followed the
suggestions of Hill [5] wherein the variations in
tensile and compressive yield strengths of oriented
sheet materials have provided the means for com-
paring analytical predictions with experimental re-
sults. As discussed in a subsequent article {6],
these earlier studies were questioned on fundamen-
tal grounds.

The vyield criterion for anisotropic and pressure
dependent solids proposed elsewhere [6] was in-
vestigated in a limited study [7] in which first and
fourth quadrant points were determined so as to
compare a theoretical yield locus with experimen-
tal results. Because the correlation was quite
reasonable, the validity of this proposed yield
criterion seemed quite promising and prompted a
more extensive investigation. The findings of this
latter study provide the basis of this present paper.

1.1 Nomeclature
0 = true normal stress.
7 = shear stress.
€ = true normal strain.
L =load.
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Ay = original area.

! = instantaneous length.

ly = original length.

C = absolute value of compressive
yield stress at atmospheric
pressure and room tempera-
ture.

T = absolute value of tensile yield
stress at atmospheric pressure
and room temperature.

H,F, G,N, L, M= anisotropic parameters.
Ky, 2, 3 =pressure  modifying
ameters.
R, = axial stress normalized with
respect to Ty.
R, = circumferential (hoop) stress
normalized with respect to
T,.
Subscripts x, y,z = refer to a general orthoganal
co-ordinate system.
Subscripts 1, 2, 3 = principal directions.

par-

2. Analytical development
A full development of the yield criterion proposed
for use with pressure dependent, anisotropic solids
is presented elsewhere [6] and need not be
repeated here. It is, hopefully, sufficient to indicate
that the modification proposed by Hill [5], which
altered the standard von Mises criterion to account
for anisotropic effects, has been further modified to
account for pressure dependency of yielding.

In its most general form, this suggested criterion
is expressed as
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H(o, —a,)* + F(o, —0,)* + G(o, — 0,)*
+ 2N7%,+ 2L7%, + 2Mrk, + K0

+K,0, +K,0, = 1. 1)
The parameters H, F, G, N, L and M characterize,
in their usual sense [5], the state of anisotropy
while those denoted as K, K, and K, account for
pressure dependency. All of these parameters are
defined as functions of the absolute values of the
compressive and tensile yield strengths measured
in the three reference directions at atmospheric
pressure and room temperature.

Since yield locus studies involve biaxial states
of stress application, and using the usual notation
involving principal directions, Equation 1 reduces
to

(H+ GYo? + (H+ F)o3 —2Ho,0, + K0,
+K202 = 1. (2)

In developments that follow it is assumed that
the condition of anistropy is symmetric about the
axis of orientation. This has been found to be
quite an acceptable assumption in our work and is
discussed in some detail at a later point. As the
work reported in this paper employed thin-walled
tubes that were subjected to the simultaneous
loading of internal pressure and axial forces in
order to develop biaxial stress states, the assump-
tion of aixal symmetry meant that the radial and
hoop yield stresses were equivalent. Considering
the axial direction (this corresponds to the direction
in which orientation was induced) as the 1-direction,
and the 2-direction as the hoop or circumferential
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Figure 1 Dimensions (mm) of specimens prior to orien-
tation.

direction, the basic yield strengths measured at
atmospheric pressure are expressed as follows T
and C; (usually not equal in magnitude) refer to
axial direction, T, = T3 and C, = C3(T, # C3)
refer to hoop direction.

In regard to equation 2, the various parameters
are defined as:

1
H+G = s
T,1C,| .
3
FtH=GHF = — = —
T,1G)  TslCs
_lal=T1,
! ICyTy
@)*
K, = K, = IGI=T, _1GI—Ts
|G, T, IC5IT5

As seen in Equation 3, H = G as a consequence of
rotational symmetry about the axis of orientation.

3. Test materials and method of producing
an oriented structure
The three polymers used were polycarbonate (PC),
high density polyethylene (HDPE) and polypro-
pylene (PP). They were obtained from the Westlake
Plastics Company in the form of solid cylindrical
rods whose original diameters were ~51 (PC) and
64 mm (PP and HDPE). From every individual bar
used, a section was cut off for use with “unoriented
characterization studies” to be discussed later. The
remainder of each bar was then employed to pro-
duce oriented material by first machining oversized
tensile specimens to the dimensions shown in Fig.
1. Each specimen was loaded in uniaxial tension
until a stable neck formed and propagated to a
length of about 64 mm. Subsequent machining of
a thin-walled tube followed such that the tube test
section of about 51 mm lay completely within the
highly oriented (necked) region. Fig. 2 typifies
this sequence of operations.

It is of possible interest to mention procedural
details that were found necessary to avoid problems
when producing an adequate length of oriented
material by the technique used in this work. As
mentioned elsewhere [7], PC has a susceptibility
to surface cracking unless care is taken in specimen
preparation. This may be accomplished with the
use of a large radius turning tool followed by

*In Equations 3 and 4 the absolute value signs are included to aovid possible confusion; it is the magnitude of the com-
pressive values that are important. For simplicity, these absolute value signs will not be used through out the remainder

of the paper.
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Figure 2 Initial specimen unoriented, specimen after
orientation caused by neck propagation, and typical
tubular specimen after being machined from oriented
specimen.

polishing with a buffing compound so as to elimin-
ate all “feed” marks from the initial turning oper-
ation. In addition, a low crosshead-loading speed
(we used about 22 umsec™!) must be employed to
prevent premature fracture as the neck begins to
form. For all specimens so produced, the maxi-
mum true strain of the necked region was on the
order of 0.53 which implied that the degree of
orientation was consistent among all test speci-
mens.

HDPE shows almost no susceptibility to surface
cracking and no polishing is necessary after the
specimen has been turned to size. Higher crosshead
speeds may be used (110umsec™') during the
orientation process, and all necked specimens dis-
played a true strain very close to 1.86. The only
precaution to be observed relates to using too
small an initial test section which would require
the neck to propagate close to the original shoulder
of the specimen. This can lead to the type of crack-
ing shown in Fig. 3. By using the specimen dimen-
sions in Fig. 1, this result was avoided.

The behaviour of PP was similar to HDPE in
most respects. A crosshead speed of 110 umsec™*
was used and in all specimens displayed a true
strain of about 1.83 in the necked region.

4. Characterization of test materials

Certain documentation of the three materials was
provided by the supplier. The PC was made from
Lexan Resin 101 and marketed under the name
“Zelux”. It had a specific gravity of 1.20, yield
strength of 62 MPa, tensile and compressive modu-
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Figure 3 Oriented HDPE specimen which cracked as a
result of the neck propagating too near the shoulder.

lus of 2.38 GPa and Rockwell M hardness of 70.
The HDPE was made from Phillips “Marlex” 5003
and marketed by the supplier under the name
“Ultra Ethylux”. This is a linear polyethylene
whose specific gravity was 0.95 and ‘melt index
0.3. The weight average molecular weight was
50000 and test bars were solidified by air cooling.
The PP was made from Moplen DO04W and
marketed under the name “Propylux”. This is a
homopolymer having a density of 0.905Mgm™> at
23° C, melting point of 168° C, yield strength of
33.8 MPa and Rockwell R hardness of 92.

To determine the extent of uniformity of struc-
ture of the cross-section (and thus, indirectly, the
extent of rotational symmetry about the rod axis),
a number of “microscopic” and “macroscopic”
tests were made. With the unoriented material (i.e.
the original test bars), specimens were selected
from regions near the outer diameter and centre of
each bar at several longitudinal locations. For the
oriented material, surface and centre specimens
were selected from the highly strained neck region.
The results of these tests should indicate if any
meaningful variations existed across a diametral
section either because of the original processing or
because of non-uniformities that might arise from
the formation of a stable neck.

4.1. Microscopic studies

Three types of measurements were used and are
listed as follows: (1) Wide-angle X-ray diffraction
(WAXD) patterns were obtained with a Statton
Flat Plate Unit. (2) A Perkin—Elmer differential
scanning calorimeter (DSC) served for calorimetric
measurements; (3) Density measurements were, in
all but one case, determined with a density gradient
column and glass beads of standard densities.



Because the oriented PP sample floated on the top
of the column, a carefully machined right circular
cylinder was accurately measured and weighed on
a chemical balance to obtain a reasonable measure
of density.

Fig. 4 typifies the WAXD patterns for oriented
PC at either surface or centre locations. Variations
per structural condition as a function of radial
location were found to be minimal. Fig. 5 shows
typical results for oriented HDPE, while Fig. 6
typifies the results using oriented PP. None of the
unoriented materials displayed any arcing regardless
of specimen location, thereby indicating that
variations in molecular orientation due to original
processing were insignificant.

Table 1 lists the results from the DSC and
density experiments. It can be seen that for all
three materials and for each structural condition,
the variation in any measurement as a function of
radial location is truly minimal.

4.2. Macroscopic studies

From every original (unoriented) bar, a number of
uniaxial tensile and compressive tests were con-
ducted using specimens produced from at least

Figure 4 WAXD pattern for oriented PC.

Figure 5 WAXD pattern for oriented HDPE.

Figure 6 WAXD pattern for oriented PP.

three radial locations across the cross-section.
Regardless of the test material, any variations per
location were found to be minimal for either
tensile or compressive loading. Raw data were con-
verted into true stress—true strain values and Fig. 7
typifies the degree of consistency observed. Since
the microscopic results implied rotational sym-
metry of structure for both the unoriented and
oriented conditions, and macroscopic results
agreed with those findings for the unoriented con-

TABLE I Density and DSC measurements at surface (S) and centre (C) locations

Material Density (Mgm~?) Tmor Tg COF

Unoriented Oriented Unoriented Oriented

S C S C S C S C
PC 1.196 1.196 1.197 1.197 155 152 155 157
HDPE 0.954 0.954 0.942 0.942 131 133 134 131
PP 0.909 0.909 * 0.734 161 161 162 161

*A transverse specimen, which included both surface and centre material, was measured then weighed on a chemical
balance. Its density was 0.800 Mgm™* indicating that a probable void formation was not uniform across the necked

region. In [4] such void formation was also noted.

TFor HDPE and PP, the values refer to melting temperature, Ty, .
For PC, the values refer to the glass transisiton temperature, Ty
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dition, the assumption of such symmetry for the
macroscopic properties of interest in regard to the
oriented structure appears to be quite reasonable.

5. Experimental test procedures

To evaluate the parameters in Equations 3 and 4,
measurements of 7y, T,, C; and C, were made
from the oriented material.

5.1. Tension tests
The magnitude of T; was found by using unpress-
urized tubes that were loaded on an Instron
machine whose crosshead speed was 8.33 umsec™!.
A standard extensometer was used to drive the
chart recorder and the load—extension data were
converted to give true stress—true strain plots.
Because of size restrictions, tension tests could
not be performed on material transverse to the
orientation direction. Instead, the value of T, was
obtained using the open-ended tube method
described by Radhava [8]. For all practical pur-
“poses, this approach provides only a hoop stress to
be induced in the wall section as internal fluid
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Figure 7 Uniaxial tensile and compressive true stress--
true strain plot for unoriented HDPE surface (S) and
centre (C) specimens.
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pressure is increased. An extensometer, with
appropriate modifications, was adapted to measure
changes in diameter concurrently with pressure in-
crease. This information was reduced to provide a
plot of true stress—true strain, two such tests being
performed.

5.2, Compression tests

The magnitude of C; was found using solid right
circular cylinders machined from material in the
vicinity of the region from which the wall of a
tube would normally be produced. These speci-
mens were subjected to direct compression at the
same crosshead speed used for the tensile tests.
Possible frictional effects at the interface were
checked by running tests both with and without a
lubricant, and the results were so similar that no
concern was necessary. The raw load data were
corrected to account for load cell deflection and
other elastic deflections of the overall system.
These results were then converted to give true
stress—true strain plots. As a comparative check, a
thin-walled tube was subjected to direct com-
pression without the use of internal pressure but
buckling problems negated this type of test.

To obtain the magnitude of C,, solid right
circular cylinders were machined from material in
the necked region transverse to the orientation
direction. The test procedure duplicated that used
to obtain C,;. Many of the details of specimen pre-
paration are noted elsewhere [7] and are not
repeated here.

5.3. Thin-wall tube tests
Tubes as shown in Fig.2 were machined to produce
the necessary test section. The length of the test
section was about 51 mm regardless of material
but because the necked diameters were not the
same for all materials, the outer diameter and wall
thicknesses varied. For PC, the tube diameter was
about 23 mm, while the wall thickness was about
1 mm. Tubes of HDPE and PP were machined to
produce a diameter of about 17mm and wall
thickness of about 0.76 mm.

During a typical test, the tube was subjected to
a combination of internal pressure and axial loading
in a manner that produced a reasonably constant
stress ratio of o, to o, during deformation.
Length changes in the test section were sensed by
a standard 25mm extensometer (either for
lengthening or shortening) while diametral changes
were sensed in the manner described in Section



5.1. These electrical outputs were fed into an
X—Y-Y recorder which provided a time base. By
correlating combinations of axial load, pressure,
length change and diameter change, the necessary
data for plotting true stress—true strain curves
were obtained.

6. Experimental results

6.1. Uniaxial tension and compression

As found in earlier work [7], volume changes
during the deformation of polymers are finite, but
for the purpose of the studies being discussed, it is
quite reasonable to employ the concept of volume
constancy to determine values of true stress and
true strain. These are found from

Ll

= ———  and
o A a

e = In(/ly)

where 0 and e are the stress and strain respectively
(whether tensile or compressive), L and / the in-
stantaneous load and length respectively, and 4,
and I, refer to the initial cross-sectional area and
extensometer length of the unloaded specimen.
The method used to define the “yield strength” in-
volves the use of 0.3% offset. All individual and
“average” values are listed in Table II. Because
buckling of the unpressurized tubes was noted in
all direct compression tests, the yield strength
values obtained were suspect and are not included
in the “average” value of C; .

6.2. Thin-wall tube tests

As discussed elsewhere [7-9], the pressure, axial
load, length and diameter changes from each test
were converted into values of o, and o, which
were plotted against an effective strain function
associated with the von Mises yield criterion. A
typical plot is shown in Fig. 8 where the values of

>

oy and o, connected with “yielding” are also
found using a 0.3% offset. Definite support for
this approach is found since the ratio of o, to o,
which defines “yielding” via a plot such as Fig. 8
always agreed closely with the applied stress ratio
used in a given test.

7. Comparison af analytical predictions
with experimental results

A normalized form of Equation 2 is found to be

useful when plotting yield loci. One approach is as

follows:

R1 = U]/Tl, and R2 = 02/T1. (5)

Then, Equation 2 can be rewritten as

ioF (0}) Compressive Axiat Stress
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M Pa

(O} Tensile
Hoop Stress
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Figure 8 Biaxial stresses (o, and o, )—effective true strain
plot for a HDPE tube at a stress ratio (g, /o,) of —1.61 at
yielding.

TABLE 11 Yield stresses (MPa) for uniaxial tension and compression

Type of Test PC HDPE PP
Individual Average Individual Average Individual Average
Uniaxial tension 64.1,66.2 T, =65.2 17.8,17.7 T, =117 37.8,30.1 'Tl =340
with unpressurized
tube
Hoop tension with 334,369 T,=T7,=352 9.60,10.6 T,=T7T,=10.1 148,141 T,=T,=14.4
“open ended” tube
Direct compression 42.0,43.4 C, =42.7 12.6,13.7,16.2 C, =14.2 26.2,25.6 C, =259

in oriented direction
Direct compression

in transverse direction

44.8,45.5 C,=C, =452 13.5,14.3,14.9,17.2C, = C, = 15.0

9.65,8.76 C,=C,=9.20
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K\R,

1

(H+ GR} + (H+ F)R? —2HR,R, +

KRy _ 1

T, T (6)

For the case where C, =C; and T, = T3, 2H =
H + G, so Equation 6 can be rewritten as
H+F K o
H+G Ty(H+G) !

K 1
Ry =
T.(H+ G) H+G)T?

R} + R} —R\R, +

(M

Defining new parameters as:

X_H+F a7
H+G GT,
yo_ K _afa
T\(H+G) GC\T, ’
and
. ®)
H+G) T,

Equation 7 becomes:
@

The parameters X, ¥ and Z are evaluated for the
test materials by using the values for Ty, T,, C,
and C, from Table II; Table III contains the
results.

The experimental values of ¢, and ¢, were
normalized with their respective values for T, and
plotted in Fig. 9 to 12. Also shown on each figure
is the appropriate plot of Equation 9 which uses
the parameters from Table ITL.

TABLE I1I Yield loci Parameters for use in Equation 9.

Material X Y VA

Polycarbonate 1.750 .268 655
Polyethylene 1.659 457 .802
Polypropylene 6.647 —1.017 762

Combined Polycarbonate* 1.568 275 .706

*These include the results from the current study and
those from {7].

8. Discussion

The correlation between experimental values and
the theoretical loci in Fig. 9 to 12 seems most
promising. Even when the results of a previous
study [7] are included with those from this study
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Figure 9 Comparison between theoretical yield locus
based on the proposed criterion (Equation 9) and actual
experimental results for oriented PC.
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Figure 10 Comparison between theoretical yield locus
based on the proposed criterion (Equation 9) and actuatl
experimental results for oriented HDPE.

(Fig. 12), the normalized yield locus describes the
macroscopic yielding very well.

Several points are worth noting about the accu-
racy of the values:

(1) In a direct comparison of the values from
the two different studies using oriented PC, the
experimental results from the present study more
accurately fit the theoretical yield locus. This»can
be attributed to a more exact method for deter-
mining the change in diameter during the course of
a test. The present study used a modified exten-
someter whose output was fed into an X—Y—Y re-



corder, while in the previous study [7] a mi-
crometer was used to measure the outside
diameter.

(2) The experimental points from the tests with
HDPE seem to be more erratic than those where
PC or PP was used. This scatter seemed to carry
throughout the whole range of testing with HDPE
and could be attributed to a less stringent control
of processing. Also, -Raghava [8] observed that
HDPE had a greater disagreement between theory

4

RZ+6, RZ - -.238 R -1.017 R_= .762
£+6.647 RE-R R,=.238 R >

Figure 11 Comparison between theoretical yield locus
based on the proposed criterion (Equation 9) and actual
experimental results for oriented PP.

R% + 1,568 RS—RIRZ—_asa R, +,275 R,= 706

i 2
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Figure 12 Comparison of predicted yield locus (Equation
9) with experimental results from two sources for
oriented PC.

and experiment and suggested it may be due to the
higher relative creep rate of HDPE.

(3) The theoretical curve of PP is very much
different from the corresponding curves for PC
and HDPE, and the experimental data confirm this
fact. This may be due to the formation of voids as
evidenced by the significant drop in density when
the PP was oriented.

(4) The increase in scatter of the test points at
higher stress ratios (i.e. R;/R,) in the first quad-
rant seems to be prevalent. A possible cause is the
relative error in pressure control. At high stress
ratios, the pressure is relatively small, so small
variations in pressure would cause a large percent-
age error. At low stress ratios, the pressure is
relatively high and an equal error in pressure con-
trol would result in a much smaller percentage
error. At present, a pressure control unit is being
built which will reduce this type of error in future
experiments.

(5) Buckling presented a problem in the uniaxial
compression of unpressurized tubes for all three
materials, and for PP it produced invalid results in
the lower portion of the fourth quadrant of the
yield locus. It is believed that this question of
susceptibility to buckling in the oriented PP struc-
ture could be directly related to the formation of
voids as mentioned earlier.

9. Conclusion
The yield locus studies of both amorphous and
crystalline oriented polymers support the pro-
posed yield criterion in its prediction of the
macroscopic yielding of anisotropic, pressure-
dependent solids.
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